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A measurement of inner bremsstrahlung in muon decay has been made using spark chambers, scintillators 
and fast oscilloscopes. The electron range distribution in graphite and the absolute rates were determined for 
electron-gamma-ray angles between 130 and 180 deg. For the electron and gamma-ray energies studied, the 
branching ratio of JJ, —> e-j~y-\-v-\-v to /x —» e-\-v+v is predicted to be about 10-4 over this angular range. 
The total number of inner bremsstrahlung events observed was 1805±43, which is in agreement with an 
expected number of 1889±283. The data were found to be in accord with the predictions given by electro­
magnetic corrections applied to the weak interaction. 

I. INTRODUCTION 

THE process /x —> e+y+v+v is the only case of a 
radiative decay of a lepton which is not compli­

cated by strong couplings. It can be described in detail 
by taking into account the well-known electromagnetic 
terms in addition to weak interaction theory.1"3 In 
particular, the calculations by Fronsdal and Uberall and 
by Eckstein and Pratt give the differential ratio of 
ix—> e+y+v+v to ix->e+v+v as a function of the 
electron energy, gamma-ray energy, and the angle be­
tween the electron and gamma ray. Since the dominant 
terms result from the coupling of the electron current 
to the electromagnetic field, the inner bremsstrahlung 
process is not unlike the external bremsstrahlung of an 
electron. The over-all features are relatively insensitive 
to the exact form of the weak decay interaction and 
depend primarily on the electromagnetic interaction and 
the kinematics of the decay. 

There are, therefore, definite predictions about the 
electron energy spectrum and the electron-gamma-ray 
angular distribution as well as the over-all rates which 
are readily subject to experimental verification. While 
the predominant emission of the gamma ray is in the 
same direction as the electron and modifies the Michel 
spectrum only slightly, the backward emission of the 
gamma ray has a marked effect on the energy of the 
electron. The present study deals with the electron 
energy spectrum in the backward direction as well as 
the predicted angular correlation between the electron 
and gamma ray. This measurement serves to test 
the theory of electromagnetic effects on weak decay 
processes. 

Although the radiative decay has been observed by 
several workers,4-6 a careful study of the angular de-
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pendence was not undertaken. The work of Kim, 
Kernan, and York was a study of the gamma-ray spec­
trum and decay rate in the forward direction. In three 
of the most recent works6 the major object was the 
search for the fx —> e+y decay, and the rate of the 
fx —» e+y+v+v decay in the region of 180° was studied 
in a limited manner. 

The present experiment was also done simultaneously 
with a search for the decay /JL —-> e+y,7 but special at­
tention was devoted to /x—> e+y+v+v. An array of 
spark chambers and scintillation counters was used to 
measure the branching ratio in the region of large 
angles between the electron and the gamma ray. Setting 
a minimum of 12 MeV on the energies of the electron 
and gamma ray, the total branching ratio is predicted 
to be about 10~4 for the angular range of 130-180 deg. 
The spark chamber provided the large solid-angle ac­
ceptance and good angular resolution which is required. 
The visual display of each event and the sharp time 
resolution between scintillation counter pulses served 
to identify the real events and to eliminate spurious 
backgrounds. Information about the electron energy 
spectrum was obtained by observing the range in 
graphite of each electron. This range distribution was 
then compared to the distribution calculated from the 
theoretical energy spectrum for the inner bremsstrah­
lung process. 

II. EXPERIMENTAL SETUP 

The spark chamber arrangement was designed to ob­
serve an electron and a gamma ray traveling in approxi­
mately opposite directions. The muons were allowed to 
decay at rest in a target in the center of the apparatus. 
On one side of the target a spark chamber and scintil-
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FIG. 1. Plan view of experimental setup. 

lator assembly were used to detect the electron and to 
measure its direction and range in graphite. On the other 
side, the gamma ray was detected by a combination of 
lead plates, scintillators, and spark chambers. 

A plan view of the experimental arrangement appears 
in Fig. 1. A 7T+ beam of 65 MeV was taken from the 
University of Chicago synchrocyclotron. An internal 
vibrating target was used to obtain a smoothed time 
distribution of beam particles thus avoiding high in­
stantaneous rates and high accidental rates. The pion 
beam was magnetically analyzed and passed through a 
two-foot-long lead and brass collimator. A plastic scin­
tillator (1), which was \ in.X8 in.X8 in., completely 
covered the exit of the collimator. The pion beam en­
tered next a polyethylene moderator, a scintillator (2), 
and the target scintillator (T). Both counter 2 and the 
target were slanted, with their normals at 70° to the 
beam. This allowed a thin target to present a large 
thickness to the beam direction. Hence, decay electrons 
could escape the target with a minimum of multiple 
Coulomb scattering, permitting an accurate determin­
ation of the electron-gamma angle. Counter 2, which 
provided moderation of the pion beam, was slanted so 
that it could be placed as close as possible to the target 
in order to minimize scattering losses. 

A fraction (61%) of the pions that passed through 
the counter telescope (1, 2, T) stopped in the target and 
decayed to muons there. The electron side of the spark 
chamber consisted first of a section of eight gaps (E) to 
measure the direction of an electron from muon decay 
in the target. The electron was detected by two scintil­
lators £ 1 and E2 (21 in.X21 in.Xf in.) separated by 
two gaps (ES) and J in. of graphite. The electron's 
range was measured in a section of ten graphite plates, 
each followed by a spark chamber gap (ER). The 
graphite plates of density 1.66 gm/cc were \ in. thick 
except for the first, which was \ in. 

The gamma side of the chamber consisted first of 
four gaps used as an antisection (yB), and a scintillator, 

7. This was followed by three conversion plates of 0.36 
radiation length each. These plates were constructed of 
x^-in. lead plates sandwiched between two stainless 
steel plates each 0.012 in. thick. These were pressed and 
glued together with Eastman "910" cement in order to 
provide a flat surface and to produce rigidity in the 
otherwise soft lead. Each conversion plate was followed 
by a double gap (yC). To detect the conversion electron 
there were two scintillators, 7I and 72, separated by a 
double gap (yS) and a J-in. graphite plate. This was 
followed by a range section of six graphite plates (J in. 
thick), each followed by a single gap (yR). All spark 
chamber gaps were 21 in.X21 i n . X i in. and made with 
0.012-in. aluminum plates. 

Details of the modular gaps, the pulsing arrangement, 
and the gas and optical systems are given in a separate 
publication.8 

A simplified block diagram of the electronics appears 
in Fig. 2. A pion was detected in the telescope by a 
(1, 2, T) coincidence. This was accepted only during the 
long spill of the beam (0.01 sec) and opened a gate 
(1, 2, T)G from 0.2 jusec to 11 /*sec after the (1, 2, T). 
Moderately fast (15 nsec) coincidences were formed 
from the electron side (El , £2 , T) and from the gamma 
side (2,7, 7I , 72). The 2 pulse was placed in anti­
coincidence with the 7I , 72, 7 requirement in order to 
eliminate triggering on a muon which decays in 2. In 
this case, the electron would pass through more material 
than just the target, and thus would have larger errors 
in angle due to multiple Coulomb scattering. The out­
put of the slow coincidence (1, 2, T)G(T, El, El) 
(2, 7, 7I , 72) then triggered the spark chamber and the 
oscilloscopes. Immediately after each trigger the elec­
tronics and scalers were blocked off for 2 sec to prevent 
the counting of noise from the spark chamber discharge 
and to give the cameras time to advance the film. 

Three oscilloscope displays were photographed for 
each trigger of the spark chamber. Figure 3 shows a 
typical display. At the upper left, a 4-beam scope dis­
played the pulses from the scintillators 72, T, and E2, 
and a 100-Mc/sec sine wave for calibration. As each of 
these scintillators were seen by a pair of 56AVP photo­
tubes, the anode pulses were added at the bases of these 
tubes, delayed and placed directly on the deflection 
plates of the 4-beam scope. The sweep speed was ap­
proximately 7 nsec per cm over most of the sweep. The 
times of the T, E2, and 72 pulses were then corrected 
for the light transit time in the scintillator using position 
data from the spark chamber pictures.7 This precise 
timing was relied on to identify real events and to help 
eliminate accidental backgrounds. 

Most accidentals were due to a genuine (T, El, E2) 
event in accidental coincidence with a (2, 7, 7 I , 72) 
signal. By using a broad time resolution between these 
two signals in the electronics, both real and accidental 
events were counted permitting a simultaneous meas-

8 C. Rey and S. Parker, Nucl. Instr. Methods 20, 173 (1963). 
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FIG. 2. Simplified electronics 
block diagram. 
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urement of the accidental rate. This cannot be done by 
scaling counts from an additional coincidence circuit 
with one input delayed, since only a small fraction of 
the out of time events produce acceptable spark chamber 
pictures. 

Anode pulses from counters 2 and y, and a delayed 
positive dynode pulse from counter 1 were displayed on 
a single sweep of 20 nsec per cm on a 517 scope. The 
electronics rejected an event with a large 2 or y prompt 
pulse with about 95% efficiency. The final rejection was 
set after the experiment by selecting a cutoff on the 
(2, y) pulse to give an anticoincidence efficiency as high 
as possible without losing triggering efficiency from 
afterpulsing or noise in counter 2. 

Another scope, a dual beam Tektronix 551, with a 
sweep speed of 2 /xsec/cm, provided a past history of 
the beam particles entering the spark chamber. Pulses 
from counters 1, 2, T, and y each triggered a circuit 
which produced a shaped pulse of constant amplitude 
and width. Using Columbia HH-2000 delay cable the 
pulse from 2(—) was delayed 1.5 /zsec and added to the 
1 pulse (+) . This combination was delayed an ad­
ditional 14 jusec and displayed on the upper trace of the 
551. Pulses r ( + ) and y( —) were treated similarly, with 
y 1.5 jusec later than T. These pulses were placed on the 
lower trace. Thus, the signature of a good event, shown 
in Fig. 3 was a 1, 2, T coincidence from the beam particle 
followed by a T pulse at prompt time. 

The sweeps of the 2 fast scopes were finished before 
the arrival of interference produced by the spark cham­
ber discharge. The pulses on the 551 scope were dis­
played on a portion of the sweep which occurred after 
interference had disappeared. The useful time on this 

trace was 10 /xsec, with "prompt time" delayed to the 14-
//,sec point, thus avoiding the interference which ap­
peared on the first 4 jusec of the trace. 

III. ANALYSIS OF DATA 

A total of 126 000 pictures were taken of the chamber 
and scopes. In order to eliminate most spurious and 
accidental events, the spark chamber pictures were 
scanned, with the following acceptance criteria: 

(1) There should be only one electron track originat­
ing from the target and passing through the electron 
angle section to at least the E2 scintillator. Because of 
the high beam rate about 10% of the pictures showed 
2 tracks on the electron side. These events were rejected. 

(2) There must be a track originating from one of the 
lead converters passing to at least counter 72 with no 
track in the yB section pointing to the conversion point, 
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FIG. 3. Typical oscilloscope display. SC indicates the start 
of spark chamber interference on the 517. 
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FIG. 4. A typical event reconstructed by the computer. For 
confusing or unusual events a final decision on spark and track 
selection could be made conveniently by hand. 

and no track coming into the chamber from the front 
(beam side) and leading to the conversion point. 

(3) There must be a prompt coincidence on the 4 
beam scope between the Y2, T, and E2 pulses. Hence, 
the y2, T, and E2 times must lie within 9 nsec of each 
other. This is a very liberal acceptance criterion chosen 
to insure 100% efficiency at this point in the data 
reduction. 

(4) There must be no prompt 1 or 27 pulse on the 
517 trace. 

(5) The data were divided into two groups with dif­
ferent criteria of acceptance on the estimated electron-
gamma angle (0). One group had wide limits, 120° 
<6< 180°, and the other narrower ones, 150° <0< 180°. 

The remaining events, about 10 000 in number, were 
then measured more accurately on the measuring table 
of Hildebrand and Wright. By means of a computer, 
the electron direction was determined by a least-squares 
fit of a straight line to the spark positions in the electron 
angle section. This was projected back to the center of 
the target, and the gamma-ray direction determined 
from this point and the conversion point in lead. The 
ranges of the electron and the conversion electrons from 
the gamma ray were determined. The angles between 
the electron, gamma ray, and normal to the plates of 
the spark chamber were calculated. The computer pro­
gram also calculated the timing corrections due to light 
transit times in the scintillators T, E2, and 72. 

Many events, however, contained some sort of fault 
produced either by extra sparks in the chamber, by 
inefficiencies in the tracks of a good event, or by mis­
takes made at the measuring table. An extensive set of 
tests for such faults was made on each event by the 
computer and if an event failed these tests it was handled 
in a special manner. A code was punched indicating 
the type of fault and a sketch of the event was printed 
out showing pictorially and numerically all spark lo­
cations. Figure 4 shows a typical event reconstructed 
by the computer. These events were then examined by 
hand and coded corrections and instructions fed back 
to the computer which then reprocessed the event. 

The errors in the measurement of the electron-gamma 
angle were ± 1.5 deg and the uncertainty due to multiple 
Coulomb scattering in the target was about 3 deg. These 
errors were not important in determining total rates 
since the branching ratio changes slowly as a function 
of angle. 

Further selection criteria were applied to the results 
of these more accurate measurements. The angles <j>e and 
07 of the electron and of the gamma ray with respect 

-30 -10 0 10 30 

Time of ygT Pulses (ns) 
50 

FIG. 5. Number of events as a function of the time difference 
between the y2 and T pulses (corrected for light collection time). 
Events outside the central 20 nsec are shown in 10 nsec groups on 
a compressed scale. 
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FIG. 6. Various events pro­
ducing spark chamber trig­
gers. (a) and (b): sources of 
time accidental backgrounds; 
(c), (d), and (e): sources of 
prompt backgrounds; (f): a 
typical event from \x —> e 
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to the normal of the chamber plates were limited to 
50 and 45°, respectively, in order to obtain an easily 
calculable efficiency and solid angle. In addition, only 
events with 6 between 180 and 125° were retained, as 
the detection efficiency falls off rapidly for smaller 
angles. 

The angle between the gamma ray and the conversion 
electron with the greatest range was calculated, and if 
this angle was larger than 73° the event was eliminated. 
Background events caused by muons decaying in the 
lead planes do not have a correlation between the di­
rections of the decay electron and the "gamma ray." 
At least 99% of all real events should have an angle 
between the electron and the gamma ray of less than 73°. 

Further requirements on timing were applied after 
correcting the 4-beam scope times of E2, T, and 72 with 
the light transit time in the scintillator as determined 
by the spark chamber. This gives the timing curve in 
Fig. 5 with 50% points at ± 2 nsec and 95% points at 
± 5 nsec. The accidental rate is given clearly by the 
wings of this curve. Timing cutoffs of ± 4 nsec were 
chosen to reduce the number of accidentals to 8% and 
yet maintain a moderately high efficiency (87%). After 
the application of the final selection criteria there re­
mained about 2000 events. This number includes a 
small background contamination which was subtracted 
numerically. 

IV. BACKGROUNDS 

There are two basic categories of background. One is 
accidental, in which there is no time correlation between 
the gamma and electron sides, and the other is prompt 
or nonaccidental. 

There are two sources of accidentals: 

(1) A muon decays in the target by JJ, —> e+ v+ v with 
the electron going into El and E2 and a gamma ray 
produced somewhere in the spark chamber or its vicinity 
converts in the lead plates and is detected in 7I and 72. 
See Fig. 6(a). 

(2) A pion or muon in the beam scatters into the lead 
plates and the subsequent decay electron enters 7I and 
72, in accidental coincidence with the /z —> e-\- ?+ v as 
above. See Fig. 6(b). 

Accidentals from these two sources were reduced to 
less than 8% by the fast timing and by restricting the 
angle between the conversion electron and the gamma 
ray. The second source is reduced further by rejecting 
events with a visible beam track going into the lead 
converters at or near the conversion point. The acci­
dental rate is thus reduced to about 5%. 

There are two kinds of prompt background: 

(1) The beam gate is opened (1, 2, T)G by a pion, a 
second pion charge exchanges in the moderator or cham­
ber walls, and the ir° decays to a pair of gamma rays, 
with one gamma being detected in the gamma side and 
the other producing a pair or Compton electron in the 
target which goes into E2. See Fig. 6(c). This is elimi­
nated with 100% efficiency by rejecting events with 
prompt l's on the 517 trace. However, at the beginning 
of the run this pulse was not on the fast trace (the 517). 
This allowed a few background events of this type to go 
undetected in this part of the data. The fraction was 
estimated to be less than 2.5% of all the data. 

(2) A pion scatters into ES2 or beyond and later the 
subsequent muon decays. The electron either annihilates 

file:///Background
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FIG. 7. Prompt background events from a scattered beam particle, (a) Distribution in cosfl; (b) distribution in Re; 
(c) decay time distribution. The broken line is the muon lifetime fitted to the first 1.2 ,usec. 

in the target [Tig. 6(d)] or undergoes bremsstrahhmg 
and stops in the target [ f ig . 6(e)]. (In such a brems­
strahhmg the electron must lose most of its energy so 
it does not continue on to 2 and give an antipulse, 2.) 
The gamma ray, which is in the forward direction, is 
then detected on the gamma side. This gives a prompt 
coincidence in E2, El, T, 7I , and 72 with no pulse in 2 
or 7, which is just the signature of a real event. 

This type of background was eliminated in part by 
rejecting all events which showed a track from the beam 
(either a pion or muon) stopping in the E2 scintillator 
or first few range sections at the "end" of the electron 
track. A total of 133 events of this type were found in 
the spark chamber and removed from the data. This 
was about 8% of all the good events. They have the 
angular and range distributions shown in Figs. 7(a) and 
7(b). As the spark chamber was not sensitive to tracks 
older than about 2 /xsec, a certain number still remained 
in the data. This number was determined by taking the 
observed events of this type and studying the time dis­
tribution of beam particles as determined by the past 
history display. For particles coming from the beam but 

2 4 6 8 10 
Decay Time (/isec) 

FIG. 8. Decay time distribution of the data. The 
broken line is the muon lifetime. 

missing 2 and T, this display showed a number 1 pulse 
unaccompanied by a coincident 2 or T. As some beam 
particles did scatter out of 2 and T, the time of the most 
recent (1, 2) or (1, 2, T) was taken for these cases. The 
time plot in Fig. 7(c) shows the decay time of the muon 
for the first 2 ,usec and then falls off more rapidly for 
times greater than the sensitive time of the spark 
chamber. The additional background of this kind which 
could not be rejected by spark chamber tracks was de­
termined graphically. Assuming this background had 
the time distribution curve of the muon lifetime [broken 
curve in Fig. 7(c)], the difference between it and the 
observed distribution must be the number of background 
events remaining unrejected in the data. There are 80 
such events which were then weighted with the angular 
and range distributions peculiar to this kind of back­
ground as found in Figs. 7(a) and 7(b), and then numer-
cally subtracted from the data. 

The remaining events should not contain any other 
backgrounds which are independent of the muon life­
time. A check on this estimate, shown in Fig. 8, is 
obtained from the past history oscilloscope display by 
plotting the difference in time of arrival of a beam 
particle (1, 2, J1) and its decay (at prompt time on the 
scope). This indeed shows the muon lifetime with a 
probable background contamination of less than 5%. 
The initial point at 0.2 ^sec is depressed because the 
(1, 2, T) gate is not turned on for 0.2 /xsec. There are 
1533 events in the angular range of — l<cos#< — 0.86. 
The smaller part of the data which was scanned with 
large angular acceptance produced 377 events in the 
range -0 .86<cos<9<-0.65. 

V. EFFICIENCIES 

The efficiencies for detecting the decays —>e+y+v+v 
are as follows: 

(1) The gate efficiency, i.e., the probability that a 
muon decays in the target while the gate (1, 2, T)G is 
open, was 92.5%. This was determined from the gate 
delay relative to the (1, 2, T), 0.2 /xsec, and the gate 
length, 11 jusec, with a small correction due to gate 
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lengthening when two pions entered within 11 /xsec of 
each other. 

(2) The efficiency of the electronics for producing a 
trigger when presented with the proper signature from 
the counters was 100%, except for the first part of the 
run where it was 94% due to an error in timing. This 
decrease in efficiency has been applied as a correction to 
the number of (1, 2, T)Q during that part of the run. 

(3) The probability for a pulse to be visible on all 
three traces of the 4-beam scope was 100%. 

(4) The scanning efficiency was 95%. I t was deter­
mined by double scanning all of the film and by a 
third independent scan of some parts of the data. 

(5) Since events with 2 electron tracks were rejected, 
an inefficiency for real events was produced. The proba­
bility of a real event not being accompanied by an 
extra electron was 90% as determined by a scan of the 
data. 

(6) The efficiency for accepting a real event on the 
basis of the fast timing criteria was 87% because cutoffs 
were imposed to reduce the number of accidentals. 

(7) The loss of efficiency because of accidental pulses, 
noise, or afterpulsing in 2 and y was negligible. 

(8) The efficiency for retaining real events after re­
quiring the angle between the gamma ray and its con­
version electron be less than 73° was 99%. 

(9) The efficiency for the spark chamber to show the 
tracks of a real event was 100%. This was obtained by 
the use of multiple gaps at all crucial places so that some 
spark chamber inefficiency would not cause the rejection 
of a real event. 

The product of all of these efficiencies is 

eo-0.925X0.95X0.90X0.87X0.99-0.68. (1) 

All of the efficiencies included in (1) are independent 
of the energies of the electron and gamma ray and of 
their angles in the spark chamber. 

VI. GAMMA-RAY DETECTION PROBABILITY 

As the decay /JL~^ e-\~y-\-v+v has a spectrum of 
energies and angles, it is necessary to fold together the 
theoretical distributions of the electron and gamma ray 
with the probabilities that they will be detected in the 
chamber. 

Consider first the probability that the gamma ray is 
detected. In general, this is a function of only the energy 
and direction in the chamber 

Py(Ey, C0S</>7) , 

where (j>y is the angle between the gamma and the normal 
to the plates. Then the probability T that a gamma 
ray of energy Ey is transmitted to a given conversion 
plate (index i), and the probability that it converts in 
the plate C, where determined. Since the amount of 
material traversed by the gamma ray is a function of 
the angle <j>y, the transmission and conversion proba-

10 15 20 25 30 35 40 45 50 
Gamma Energy (E y ) MeV 

FIG. 9. Plot of the gamma detection probability Py(Ey, cos<£7) 
as a function of Ey for several values of cos</>7. 

bilities for a given lead plate with index i are 

Ti(Ey,cos>4>y) and C(E7 , cos<£7). (2) 

These were determined from the tables of transmissions 
of gamma rays by Grodstein.9 

The transmission in lead of electrons produced by 
monoenergetic gamma rays at 20, 30, and 50 MeV was 
found by means of Wilson's Monte Carlo calculation10 

and the energy spectrum of electrons emerging from a 
given thickness of lead was determined. The transmis­
sion probabilities in carbon of the electrons of various 
energies and directions were found from the tables of 
Leiss, Penner, and Robinson.11 Combining these results, 
the probability that an electron produced by a given 
energy gamma ray penetrates at least half of the E2 
scintillator is known. This is 

M(Ey,r,R), (3) 

and is a function of gamma energy £ 7 , range in lead 
r, and range in carbon R. However, r and R can be ap­
proximated by ri/cos(/)y and i?o/cosc/>7, where ri and R0 

are the perpendicular ranges in lead and carbon which 
the conversion electron must traverse in order to be 
detected. Also, r* depends on the plate (i) where the 
conversion takes place. Hence, M(Ey,r,R) becomes 

Mi(Ey, cos<£7). (4) 

Combining (2) and (4), the probability that a y ray 
converts in one of the lead plates and is detected is 

3 

Py(Ey, cos<£7) = 2 Ti(Ey, cos07)C(£7 , cos<£7) 

XMi(Ey, cos<£7). (5) 

A plot of Py is given in Fig. 9 for several values of 
9 G. Grodstein, Natl. Bur. Std. (U. S.) No. 583 (1957). 
10 R. R. Wilson, Phys. Rev. 86, 261 (1952); and private com­

munication. The actual case histories were used in the efficiency 
calculation. 

11 J. Leiss, S. Penner, and C. Robinson, Phys. Rev. 107, 1544 
(1957). 
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FIG. 10. Angular distribution for inner bremsstrahlung after 
integrating Ee and Ey from 12 to 52.8 MeV. 

cos$7. The probability is greatest for a gamma ray at 
53 MeV and is essentially zero at 12 MeV. The range 
distribution of the conversion electrons is very broad 
and shows only a weak dependence on the initial gamma-
ray energy. Hence, little information about the gamma-
ray spectrum is obtainable and the dependence on 
gamma-ray energy was removed later by an integration 
over all possible values of Ey. 

VII. tf->e+r+v+v DETECTION PROBABILITY 

The differential branching ratio R of IJ,-* e+y+v+ vf 
fx-^e+v+v was calculated using the formulas of 
Fronsdal and Uberall2 assuming V-A theory. Setting 
lower limits on the electron and gamma-ray energies 
of 12 MeV, the plot of the angular distribution for 
— 1.0<cos#<— 0.6 is given in Fig. 10. The electron-
energy spectrum for the case, — l.O<cos0<O.86, is 
shown in Fig. 11. For comparison, the Michel spectrum 
for normal muon decay is shown by the broken curve. 

The electron side efficiency calculation is simple as the 
electron is required only to have a range sufficient to 
bring it to E32. This efficiency is 

Pe(cos0e ,^e) = l if 
= 0 if 

ReCOS(j>e>R2 
Recos<j>e<R2: (6) 

where R2 is the range, perpendicular to the plates, from 
the center of the target to the scintillator E2} and (j>e is 
the angle of the electron to the perpendicular. R2 was 
equivalent to 4.7 cm of graphite. 

The predicted differential branching ratio R(Ee,Ey, 
cos6)dEedEydcosd was then folded together with the 
efficiencies of the gamma and the electron side, the 
various solid-angle factors, and the detection efficiencies 
€0 to give the detection probability N per muon decay. 

N(Ey,Ee, cos0,Re9<l>e,<l>y)d(cos4>e)diid(cosB)dEydEe 
= (eo)P7(Ey, COS(f>y)Pe(cO$(f)e,Re)R(Ee,Ey, COS0) 

X 2ird (coS(f>e)drjd (cos6)dE7dEe, (7) 

where rj is the angle describing a rotation of the electron-
gamma plane about the electron direction as an axis. 
This was simplified by using the geometric relations 
between the angles 0e, <f>7, rj, and 6 to eliminate <£7, and 

then integrating over the allowed values of cos<£e, rj, 
and Ey. 

N(cosO,Ee)d(cosO)dEe 

= e0 / / Py(Ey,71,COS(j)e,COSe)Pe(cOS(l)eJRe) 

XR(EeyEy, cosd)dr}d(cos^e)dEy \d(cosd)dEe. (8) 

Equation (8) was then multiplied by the differential 
probability, P(Ee,Re)dRe that an electron with energy 
Ee will have a true range of Re to Re+dRe cm of carbon. 
The values of P(Ee,Re)dRe were calculated by a Monte 
Carlo program that allowed for Landau straggling, 
bremsstrahlung, and annihilation and gave the true 
rather than the projected range of the positron.12 After 
integrating over the 
becomes 

N(cos6,Re)d(cosd)dRe 

energy of the electron Ee, this 

[/ N{co$6,Ee,Re)P(Ee,Re)dEe \dRed(cosd), (9) 

which is the probability that a muon in the target decays 
by inner bremsstrahlung with an angle 6, is detected in 
the spark chamber, and has an electron range Re. The 
minimum electron energy for detection was about 12 
MeV. 

The errors in the theoretical calculation result pri­
marily from an uncertainty of about 10% in the energy 
distributions of the conversion electrons as determined 
from Wilson's data. An error is introduced by the as­
sumption that the conversion electrons travel in the 
same direction as the gamma rays which produce them. 
By taking several values for the angular deviation from 
colinearity, the over-all error was found to be less than 

, ! r 
(for dEe = 2MeV) 

Michel Spectrum 

30 4 0 
Electron Energy (Ee) MeV 

FIG. 11. Electron energy spectrum for fi —» e-f-y+H-^ after 
integrating Ey from 12 to 52.8 MeV and cos0 from -0 .86 to —1.0. 
The broken line is the Michel spectrum normalized to the same 
area. 

12 S. Parker and C. Rey, in a paper on electron ranges in carbon 
(to be published). All ranges are in cm of graphite with a density 
of 1.69 g/cc. 
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2%. The uncertainty in the various detection efficiencies 
eo is 5%, so the total error is about 15%. 

The differential detection probability N in Eq. (9) is 
now multiplied by the number of pions which stop in 
the target. This is given by the fraction stopping / , 
times the number of (1, 2, T). The number/ is derived 
from a calibration run in which the normal jji—^e+v+v 
decay was observed in the chamber. This was done by 
triggering on (T, Eh E2, 2, y) gated by (1, 2, T). The 
number of such decays is given by PT= (1, 2, T)f, €«, eg. 
In this equation, (1, 2, T) is the number of beam par­
ticles entering the target, / is the fraction which stop, 
ee is the calculated efficiency for detecting the decay 
electron on the electron side of the chamber, and eg is 
the gate efficiency. After measuring PT and (1, 2, T),f 
was calculated to be 0.61. For the data used in this ex­
periment the number of (1, 2, T) was 1.04X 1010 and the 
number of muon decays in the target was 6.43 X109. The 
part of the data that was scanned with the larger angular 
acceptance (-O.6>cos0>-l.O) represented 2.34X109 

(1, 2, T) counts and 1.42 X109 muon decays in the 
target. 

VIII. RESULTS 

The plot of the angular distribution for all data is 
shown in Fig. 12 and for the section with the larger 
angle cutoff in Fig. 13. The broken line is the theoreti­
cally predicted distribution calculated from Eq. (9). 
The relative agreement is reasonably good and the abso­
lute agreement is well within the estimated errors. The 
total number of events in Fig. 12 is 1533 but contains 
an estimated 4.5% accidental contamination plus an 
additional 2.5% background from charge exchange. A 
subtraction gives 1444±41, which is to be compared 
with a predicted number of 1505±255 for the limits 
— l.O<cos0< —0.86. The number of events in the angu­
lar range of —0.86 to —0.65 is 377. Subtracting the 
estimated accidental background of 16 gives 361 real 
events. The number predicted is 384±57 in this region. 
The total number of real events is 1805±43 which may 
be compared with the expected number of 1889±283. 
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FIG. 12. Angular distribution for data with the range of —0.86 
>cos0> —1.0. The broken line is the predicted distribution. 

FIG. 13. The angular distribution of the data which has a large 
acceptance angle — 0.60 > cos0 > — 1.0. 

The electron range distributions corresponding to 
Figs. 12 and 13 are shown in Figs. 14 and 15. These are 
also in agreement with the theoretically predicted curves 
(broken lines). The error in the experimental ranges is 
mostly systematic, since the real range was approxi­
mated by adding up a number of short projected ranges 
obtained in going from one gap to another. The magni­
tude of this error is estimated to be less than 0.5 cm of 
graphite. An additional uncertainty occurs because of 
the thickness of the plate in which the electron stops 
but these errors tend to average out for all but the first 
gap. 

The dotted curve in Fig. 14 is the range distribution 
that would be produced in the spark chamber by elec­
trons with the Michel energy spectrum of normal 
jjL-^e+v+p decay. The range data of Fig. 14 was 
smoothed by fitting it with a fourth order curve using 
the method of least squares. A chi-squared analysis 
made between the smoothed data and the predicted 
spectrum of \x —> e+y+ v+ P, gives a x2 of 2.6 for the ten 
points from 6 to 16 cm. A similar comparison of the data 
to the Michel spectrum over the same range gives a 
poor fit with a x2 of 675. 

IX. DISCUSSION 

Muon decay with inner bremsstrahlung in the region 
about 180° is adequately described by the V-A theory 
of weak interactions taken with well-known electro­
magnetic corrections. Agreement is found for the total 
rates, the angular distribution and electron-energy 
spectrum. A calculation by Eckstein and Pratt,3 shows 
that the effect of an intermediate vector boson at any 
point in the energy or angular distributions varies as 
the inverse square of the boson mass and reaches a 
maximum of 4% at the kaon mass. The accuracy of this 
experiment was insufficient to make any statement 
about the mass of a possible intermediate vector boson. 

It is interesting to note that only the absolute magni­
tude of the weak coupling constant can be measured by 
observing the total decay rate of the muon. (The corre­
lation between the muon spin and the electron direction 
does give more information an& supports the "V-A" 
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FIG. 14. Range distribution of data corresponding to Fig. 12. 
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theory.13) In the most general form, the weak inter­
action constant is a combination of five couplings2: 
scalar (Cs), pseudoscalar(Cp), vector (C) , axial vector 
(Co)} and tensor (C*). If gs, gv ang gt are defined as 
follows: gs=\Cs\

2+\Cp\
2, gv= \Cv\

2+\Ca\
2, and gt 

= \Ct\
2, then the total rate of muon decay is propor­

tional to (g8+4gv+6gt). 
In inner bremsstrahlung, the different couplings pro­

duce somewhat different angular correlations and energy 
spectra but such effects are too small to be detectable 
in the present experiment. This can be seen from the 
way the inner bremsstrahlung depends on these coupl­
ings. The differential rate R is given by 

R(E„Ey,0) = gJfs+gvNv+gtNT, 

where the N% are functions of Ee, Ey, and 6. NT is almost 
identical to Nv in form, but is larger (NT=2NV)- There­
fore, one cannot distinguish between the gv and gt 

contributions. Ns is about 1/20 as large as NT but does 
have a somewhat different dependence on Ee, E7, and 6. 
The Michel parameter p is given in these terms by 
(l-ip) = gs-2gt, hence if p^0.75,1 3 then gs^2gt. Sub­
stituting these relations in R gives 

R^2gtNs+gvNv+gt2Nv-NvLgv+2gt(l+A).], (10) 

where A ^ A ^ / W F — 0 . 0 5 . For the values of Ee, Ey, and 

13 R. J. Piano, Phys. Rev. 119, 1400 (1960). 
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FIG. 15. Range distribution of the data corresponding to 
Fig. 13. The broken line is predicted. 

6 used in this experiment, A varies only by ±0 .01 . In 
(10) the difference is a very small effect and so a sepa­
ration of the contributions from gs and either gt or gv 

cannot be made. Hence the data is consistent with the 
predictions of V-A theory but does not eliminate other 
coupling schemes. 

In this decay the electromagnetic features predomi­
nate and the specific form of the weak interaction has 
little effect. However, the inner bremsstrahlung of the 
muon is the only case of a weak particle decay entirely 
free of strong interactions. Hence, the electromagnetic 
corrections can be unambiguously applied and tested. 
The data are in accord with theory and thus substan­
tiate the predictions given by electromagnetic correc­
tions to the weak decay process. The experimental 
technique is also applicable to some extent to the in­
vestigation of radiative effects in other particles which 
exhibit leptonic decays. 
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